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LTL Model Checking

� Automata: LTL � ! Büchi
Automaton

� ! SMV

– Oldertechnique:GPVW, 1995
– Bene�ts from numerousenhancements:over

30paperson thesubject

� BMC: LTL � !
Propositional

Logic � ! SAT

� Hybrid:

LTL � ! Büchi
Automaton

� !
Propositional

Logic � ! SAT

– First suggestedby deMouraetal. (2002)
– Advocatedby Clarkeetal. (2004):better

complexity
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LTL to Büc hi Automata
Typicalmodernconversion:

� LTL
LTL

�� � � � � � � �!
Simpli�cation

Büchi
Automaton

BüchiAutomaton
�� � � � � � � � � � �!

Simpli�cation

– LTL simpli�cation is limited andcomplex
– ResultingBA is exponentialin size:even

polynomialsimpli�cations areslow

Proposedby GastinandOddoux(2001):

�

LTL � ! Alternating
Automaton

AA
�� � �!
Simp

Büchi
Automaton

BA
�� � �!
Simp

– Complementedby simulation-based
simpli�cations by Fritz (2003)

– AA is linearsize:simpli�cations arefaster
– AA simpli�cation is moregeneralthandirect

LTL manipulation
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Alternating Automata / BMC
AA methodscanbecompetitivewith thebestBA
methods.Canwecutout themiddle-man?

� LTL � ! Alternating� ! Propositional� ! SAT

How doesthiscompareto existingmethods?

� LTL � ! Propositional� ! SAT

� LTL � ! SNF� ! Propositional� ! SAT

� LTL � ! Büchi � ! Propositional� ! SAT
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What is this paper about?
I cover four issues:

1. A BMC encodingusingalternatingautomata

2. A framework for discussingautomataandother
encodings

3. Theadvantagesanddisadvantagesof automata
for BMC

4. Understandinghow SNFcorrespondsto automata
techniques
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Alternating Automata
� Treeautomata(a run is a tree,notapath)

� ExponentiallymoresuccinctthanBüchiautomata

� If usedto representLTL, they areveryweak.
(VWAA)
– Thetransitionsdescribeapartialorderon the

states
– Result:theonly loopsareself-loops



VWAA from LTL
Usingtheformulationof GastinandOddoux(2001)
asit is slightly moreconvenient

� Transitionsfrom statesto setsof states;choose
onesuchtransitionfrom eachstate(likeDNF)

� Useaco-Büchiacceptancecondition(states
visited�nitely oftenoneverybranchof therun)
but Büchi=Vnco-Büchifor VWAAs



AA Example: G (p ! F q)

Input � = fpgfgfpgfpqg� � �

>*

F q*

q

G (p ! F q): p

*

q

G (p ! F q)

F q G (p ! F q)

G (p ! F q)F q

F q F q G (p ! F q)

> > G (p ! F q)
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Representing Runs
Runsastreesarenot convenientfor SAT encoding
becausethey grow exponentially.

� Considera stateoccurringmorethanonceata
level of thetree

� Wecantransformtherunsuchthatthe
descendantsof thesestatesarethesame
– No lossof generality
– No lossof co-Büchiacceptance

� They canthenbecoalesced,usingaDAG
representation

� In theextreme,atmostoneoccurrenceof astate
oneachlevel

Similar to thealternatingto Büchi conversion
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Runs as DAGs
eg, G (p ! F q), input � = fpgfgfpgfpqg� � �

G (p ! F q)

F q G (p ! F q)

G (p ! F q)F q

F q F q G (p ! F q)

> > G (p ! F q)

G (p ! F q)

F q G (p ! F q)

F q G (p ! F q)

F q G (p ! F q)

> G (p ! F q)



Encoding DAG runs
� TheDAG canberepresentedby thesetof states

presentateachlevel: con�gurations

� Do notexplicitly represent> state

� Providedthereexiststransitionsrelatingeach
con�gurationto thenext, aseriesof
con�gurationsis a run

� Thatis, weencodethestatesin each
con�gurationbut not thetransitionswhichwere
taken



Con�gurations

G (p ! F q)

F q G (p ! F q)

G (p ! F q)F q

F q F q G (p ! F q)

> > G (p ! F q)

fG (p ! F q)g

fF q;G (p ! F q)g

fF q;G (p ! F q)g

fF q;G (p ! F q)g

fG (p ! F q)g



The Super set Proper ty
For a run, thestatespresentateachlevel mustbe
necessary— but not suf�cient

� Therecanbeextrastatespresentin a
con�guration

� Theonly constraintsrequiredareforward:every
statein a con�gurationmusthave a transitionto a
statein thenext con�guration

� No lossof generalityfrom allowing these
“phantom”states:weareaskingdoesa sequence
of con�gurationsexist?



Encoding the Transitions
GivenaVWAA representingLTL formula f ,
A f = hQ; � ; � ; I ; Fi

TA f (i; k) =
^

q2Q

�
q(i) !

_

h�; q0i 2� (q)

�
~� • i ^ ~q0• i+1

� �

� q(i) is thepropositionalvariablefor stateQ being
in con�gurationi

� � � Q ! 22� � 2Q
is thetransitionfunction

returningapair of labelsandtargetstates

� Implicationusedbecauseof supersetproperty



The Co-Büc hi Condition
� Themostinterestingpartof theencoding

� Careneededbecausewe've thrown awaybranch
informationbut co-Büchiconditionis on �nite
occurrencesperpath.

� Focusthetwo BMC casesseparately:
– Pathpre�xes:in�nite occurrencescanoccur

only afterthekth state
– Looppaths:in�nite occurrencescanoccurin

theloop



Co-Büc hi: Pre�x paths
� Wecanonly besurethatmembersof F are

visited�nitely oftenif wecanbesurethey donot
occurafterk

� Thishappensif thecon�gurationsbecomeempty
beforek, dueto theveryweakproperty



Co-Büc hi: Pre�x paths
eg, F q, input � = fgfgfqg� � � :

>

*

F q

*

q

Runastree:

F q F q F q >

Runascon�gurations:

fF qg fF qg fF qg fg
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eg, F q, input � = fgfgfqg� � � :

>

*

F q

*

q
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F q F q F q >

Runascon�gurations:

fF qg fF qg fF qg fg



Co-Büc hi: Pre�x paths
Assertthat,by thelaststate,nothingis left in the
con�guration

PA f (k) =
^

q2Q

: q(k)



Co-Büc hi: Loop paths
� Eachmemberof F visited�nitely oftenin each

branchof thetree— but couldappearin�nitely
oftenoverdifferentbranches

� Becauseof veryweak, if a stateis visited�nitely
oftenit eventuallydoesn't takeaself-loop
transition

� Sowecheckthateveryvisitedstatein F
eventuallytakesanon-self-looptransition



Co-Büc hi: Loop paths
� If amemberof F doesnotoccurwithin theloop

in BMC, it occurs�nitely often.Otherwise,

� If doesnotoccurateverystatein theloop,a
non-self-looptransitionwastakenandeach
branchhas�nite occurrences.Otherwise,

� If it occurseverywherein theloop, to be�nite it
musteventuallybepossibleto takea
non-self-looptransition.So,

� For everymemberof F in occurringeverywhere
in theBMC loop, it is possibleto follow a
transitionaway from F somewherein theloop.



Co-Büc hi: Loop paths
eg. G (p ! F q), over fpg(fpgfqg)! ; F = fF qg

G (p ! F q)

F q G (p ! F q)

F q F q G (p ! F q)

> > G (p ! F q)

fG (p ! F q)g

fF q;G (p ! F q)g

fF q;G (p ! F q)g

fG (p ! F q)g



Co-Büc hi: Loop paths

FA f (k; l) =
^

q2F

k_

i=l

�
~q• i !

_

h�; q0i 2� (q)
q<q0

�
~� • i ^ ~q0• i+1

� �

� Notethatalthoughit appearsquadraticsize,most
formulæarerepeated,soit canbecollapsedto
linearsizewith renaming
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SNF vs AA: What is SNF?
� Fixpoint basednormalform for LTL of theform:

G
^

i

(Pi ! Fi)

Pasttime formulæPi, futuretime formulæFi

start !
_

j

l j

^

i

li ! X
_

j

l j

^

i

li ! F
_

j

l j

� li ; l j areliterals;implicationscalledrules



SNF vs AA: What is SNF?
� For BMC canexploit boundednessto reducethe

setof rulesto (Frischetal., 2002)

start !
_

j

l j

^

i

li ! X
_

j

l j

bound !
_

j

l j

� Propositionalrelationshipsbetweenstatesand
successorstates:reminiscentof automata



SNF vs AA: Transf ormation
� Transformationfrom LTL to SNFintroducesone

propositionalvariablefor eachtemporal
subformula

� Thesereferto temporalsubformulæin the
following state:x in SNFrefersto X x in theAA

� Thebound ruleenforces�nitenessfor
eventualities.

� Allowing for this, theLTL transformationto AA
is equivalentto thatfor SNF.

� But AA aretypically simpli�ed afterconstruction
(Gastin& Oddoux,Fritz, etc.)
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SNF vs AA: Encoding
� Encodingbound is morecompactthanco-Büchi

condition(constantspace)

� SNFmayproducelongercounterexamplesin
somecases:sideeffectof bound. Canbe
overcomeby projectionof someoperators.

� Most SNFruleshave thesameencodingfor the
loopandpre�x paths:canbefactoredout to
reducesize

� Choosingto separateon rule typeis more�e xible
thantheautomaton/co-Büchicondition
separation— moreof theformulais sharedeasily



BA vs AA: Transf ormation
� BA encodingrequireslog2(states) variablesbut

numberof statesis exponential,sonumberof
variablesis linearin thenumberof temporal
subformulæ

� Thedirectcorrespondancebetweenvariablesand
subformulæis lost,however

� Botharesuper�cially quadraticin sizedueto the
Büchi/co-Büchicondition,reducibleto linear
with renaming

� Büchiautomatabene�t from further
simpli�cation, evenwhenconstructedfrom
alternatingautomata



BA vs AA: Encoding
� Büchiautomatarunsarealwaysloops:nopre�x

counterexamples

� BA mayhave loopsof >1 state:thiscanelongate
theshortestloop in BMC asboththemodeland
theBA mustloopbacktogether



Experimental results
� Preliminary:proofof concept

� AA encodingis notquiteautomated

� Compare:Original (BCCZ),SNF, SNF
(improved),TMP (Etessamietal.)

� Against:Gastin& OddouxAA with andwithout
simpli�cation

� FivedifferentLTL speci�cationsfor aDME
circuit

� Timesgivenin zChaff



Results: Unsat
Enc. Clauses Vars Time Clauses Vars Time Clauses Vars Time

Accessibility(4,2) Overtaking1 (5,5) Overtaking2 (8,8)

AA 24276 4080 4.67 26177 4131 8.45 27179 4233 10.11

AA- 25485 4539 5.28 28291 4845 11.87 30045 5049 7.23

SNF 23778 3978 4.04 24081 4080 2.76 24634 4233 2.22

FIX 23779 4029 4.43 24083 4131 4.17 24636 4284 2.59

TMP 24279 3978 4.90 27539 4029 3.54 29758 4080 7.07

Orig 28368 3876 9.83 142404 3876 17.69 Encoding> 1800secs

� Trends:SNFalwayswins,BCCZalwaysloses

� Automatamethodslesscompetetive for largerformulæ

� AA lagsa little behind



Results: Sat
Enc. k Time k Time

Priority 1 (4,2) Priority 2 (4,2)

AA 14 0.03 53 0.30

AA- 14 0.03 53 0.89

SNF 13 0.02 52 0.49

FIX 13 0.02 52 0.83

TMP 53 3.26 > 200

Orig 13 0.02 52 1.15

� TMP extendsthecounterexample,increasingthetime to
solve

� Longercounterexamplesin AA dueto differencein
variablesemanticsfrom SNF
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Summar y
� Demonstratedtheuseof alternatingautomatafor

BMC: performanceis promisingbut currently
lagsbehindothermethods

� Providedencodingsfor AA, BA, andSNFin a
uniform framework to simplify their comparison

� ProvidedasimplecorrespondancebetweenAA
andSNF



Future Work
� Resultsgivenarewith Gastin& Oddoux'sAA

approach:simpli�cation is limited. Next step:try
Fritz's simulationsrelationsonAAs

� A morecompactencodingfor theco-Büchi
condition

� Exploiting theSNF-AA correspondance:convert
thesimpli�ed AA to SNFfor encoding
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