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Chapter 1

Background

1.1 Hypothesis

The bounded model checking method can be improved in both thetime taken to encode and the time taken to verify
by considering methods from the field of temporal logic resolution, as well as by considering its interaction with
the SAT solver

1.2 Rationale

Bounded model checking (BMC) was developed under influence from a number of areas. It may be considered
a variant of symbolic model checking, and it was intended to overcome some of the problems associated with
conventional symbolic model checkers. As computers have grown in capacity and speed, algorithms for solving
Boolean satisfiability (SAT) have become more viable — theirflexability was demonstrated with encodings of
planning. SAT had already been applied to hardware problemssuch as equivalence checking, and finding a way of
applying the technology to the model checking problem was a practical next step. The logic naturally dealt with in
BMC is linear temporal logic (LTL), while symbolic model checking deals with computational tree logic (CTL);
the development of BMC coincided with a renewed interest in LTL for specifying properties of systems.

Bounded model checking has been developed independently from other LTL model checking methods, and is
very different in style from the fixpoint based methods of symbolic model checking for LTL. This leads us towards
a possible method of improving BMC — by lifting methods developed for symbolic model checking of CTL and
LTL to the bounded context. In particular, the algorithms ofsymbolic model checking for CTL makes use of the
fixpoint characterisation of the temporal operators to break down the problem; symbolic model checking for LTL
is achieved by an encoding of the problem to an automaton representation.

1.2.1 Bounded Model Checking

Bounded model checking (BMC) [6] was proposed as a solution to some of the problems of conventional BDD-
based symbolic model checking such as space explosion by introducing a temporal bound. The problem can then
be encoded as a Boolean formula; the output of a BMC tool is a conjunction of state transition functions and state
verification functions. In order to retain the ability to model check infinite temporal properties, BMC considers
loop paths: paths of a given length,k, in which there is a pointl such thatsl = sk. This is sufficient to show, for
example, that there is a path along which an eventuality never occurs.
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1.2.2 Limitations of Symbolic Model Checking

While BDDs are often a very efficient method for the representation and manipulation of a function, some func-
tions cannot be compactly represented in this way. One particular example, integer multiplication, was recognised
by Bryant [9]: he calculates a lower bound of 2n/8 vertices for ann-bit multiplier. Empirically, he found that an
8-bit multiplier required no more than 5000 vertices, and for n > 10, over 100 000 vertices are required. Model
checking such circuits is generally impractical because ofthese huge storage requirements.

The worst case space complexity of BDDs is exponential in thenumber of variables; this means that the worst
case space complexity of symbolic model checkers is also exponential. DLL satisfiability procedures are linear
space in the number of clauses; a transition function may be converted to clause form with only a polynomial
increase in space [38]. Provided that the specification may be encoded in polynomial space, the worst case space
complexity of BMC is only polynomial in the size of the problem (although it may be as bad as exponential space
in the size of the bound).

1.2.3 SAT technology

Approaches to solving the Boolean satisfiability problem fall broadly into two classes: incomplete algorithms,
such as hill-climbing and simulated annealing, and complete algorithms, characterised by variants of the Davis
Putnam algorithm [14, 15]. We will focus on the latter. DP, and its refinement, DPLL, is essentially a search
algorithm which traverses the space of variable assignemnts for a propositional formula. By representing the
formula in clause form (that is, conjunctive normal form or CNF) the result of each assignment can be quickly
determined: assigning a literal to true eliminates from theproblem any clauses with a positive occurrence of that
literal, and eliminates any negative occurrences of the literal in any clause. An empty clause implies a contradiction
and causes the search to backtrack, while if all clauses are eliminated, the problem is solved.

A number of techniques make this simple search procedure surprisingly efficient. Modern solvers such as
Chaff [34] are focussed particularly on the type of structured problem produced by bounded model checkers.

Unit propagation If a clause contains only one literal, it can be satisfied onlyby assigning it to true.

Conflict learning If the solver explores a branch of the search tree which it finds contains no solutions, it can add
a clause to the problem to describe the branch, and so force the avoidance of this path later in the search
space.

Non-chronological backtracking

Conflict learning with scheduled lazy deletionLearned conflict clauses may be deleted from the problem if its
relevance to the current path is insufficient; when more than a given fraction of its literals are unassigned for
the first time it is removed.

Restarts Learning conflict clauses during search means that a large amount of information about the problem
is stored. This information was not available when the earlydecisions in the search tree were made. To
give the solver a chance to correct its early mistakes, the solver periodically restarts the search procedure,
retaining only the learnt clauses. A degree of randomness introduced into the first few iterations of the
decision process helps to avoid following the same paths repeatedly.

Two literal watching If, during solving, all but one of the literals in a clause become false, the remaining literal is
forced to one. To avoid an expensive scan of all of the clauses, the solver watches just two literals from the
clause. When one of these literals becomes false, the solverwill check the rest of the clause, changing the
watched literal if unassigned literals remain. This changeof observation has a number of side effects during
backtracking: the watched literals do not need to change during backtracking, and another assignment to a
previously assigned and unassigned variable will be fasteras any watching will already have moved off that
variable.
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1.2.4 Temporal Logic Normal Forms

The encoding of the LTL specification in BMC is defined recursively on the structure of the formula. While
for simple specifications this is sufficient, more complex specifications such as bounded existence and response
patterns [17] lead to a blowup in the size of the resulting Boolean formula. Recent improvements to the encoding
in NuSMV [11] have not removed this restriction.

The fixpoint characterisations of temporal operators [18] have been exploited in other model checking systems
such as SMV [32]; we discuss an approach to their use in an encoding of LTL for BMC which produces more
compact encodings which can be solved more quickly in the SATsolver.

TheSeparated Normal Form[20] originated in the field of temporal resolution. Any temporal operator may
be represented as either the least or greatest fixpoint of a next-state function; SNF is based on the least fixpoint
characterisations of temporal logic operators. The normalform is a set of rules each consisting of one temporal
operator, which are required to hold in all states.

1.3 Related Work

Bounded model checking has inspired a number of researchersto extend and improve it. As well as improving the
encoding, researchers have examined the possibility of improving SAT solvers to be more focussed on BMC, and
on extending BMC to other temporal logics and other model checking problems. It is also important to be aware
of other SAT-based model checking methodologies.

1.3.1 Existing Bounded Model Checking Literature

Copty et al. [13] discuss the use of BMC at Intel on large, real-world designs (fragments of the Pentium IV Pro-
cessor) and compare an implementation of BMC using a SAT procedure with one using BDD-based satisfiability
testing to give a clearer picture of the relative advantage of SAT. They find that in most cases the SAT-based verifier
out-performs even a hand-tuned run of the BDD-based verifier. We note, however, as these results are difficult to
repeat as both the programs and the circuits are internal to Intel.

Bounded model checking has been shown to be effective for timed systems [2, 45], by extending the domain
of the SAT solver to handle integer inequalities [3, 46, 47].

Extensions to apply BMC to other temporal logics have been studied by Penczek et al., who have looked at
the universal fragment of CTL [37], TCTL (in the timed automata domain) [36], and most recently ACTL* [50].
Benedetti et al. considered the extension of LTL to the past1 by unrolling the transition relation an extra number
of times dependant on the depth of past to be considered [5].

Recently, bounded model checking has been extended to a simplified concurrent programming language [27].

1.3.2 Non-Bounded SAT-based Model Checking

While bounded model checking is the dominant SAT-based technique, others have emerged, aiming to remove the
limitation that the bound introduces. Inductive techniques for checking invariants were studied by Biere et al. [7]
and are fast but, since it considers all adjacent pairs of states, it can be confused by unreachable states in the model
which violate the invariant. The technique is improved by Sheeran et al. [43] by extending the length of the trace
considered until a connection can be made to an initial state. This method is complete.

Another alternative was proposed by McMillan [33] of using SAT in place of BDDs in a conventional symbolic
model checking algorithm. This method uses an adapted SAT solver to compute equivalant formulæ.

1While this does not increase the theoretical expressiveness of the logic, it can make certain specifcations more succinct and easily under-
stood
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1.3.3 Existing Bounded Model Checking Implementations

The first freely available full implementation of BMC is in version 2.0 of NuSMV [10, 11]. This has been the
development platform for novel improvements such as the useof Reduced Boolean Circuits [26] as an intermediate
representation for the propositional formulæ. In additiontheir analysis of the way in which RBCs behave allows
them to tailor the encoding process to maximise the amount ofsharing within the RBC.

Since version 2.0, VIS [39] has included a simple implementation of BMC which is based directly on Biere
et al. [6]. The key difference with this implementation is that clauses are generated directly by the encoding
procedure, rather than using an intermediate representation like NuSMV does. This limits the scope for analysis
and simplification of the resulting formulæ (the implementation has a hardcoded type of polarity handling — see
Section 2.2.1), but guarantees a low overhead implementation of the basic encoding.

Cadence SMV, until recently, used the research implementationbmcwritten by Biere et al. which was restricted
to single operator specifications.

1.4 Background

We look at the theoretical basis for the work in Chapter 2.

1.4.1 Model Checking

A model checking problem is a pair〈M, f 〉 of a model and a temporal logic specification.
A model M is defined as a Kripke structure〈S,R, L, I〉 whereS is a set of states;R : S → S is the transition

relation;L : S→ P(AP) is the labelling function, marking each state with the set of atomic propositions (AP) that
hold in that state; andI is the set of initial states, which may be equal toS. A pathπ ∈ M is a sequence of states
s0, s1, . . . ∈ M such that∀i.(si , si+1) ∈ R. We writeπ(i) to refer to theith state along the path.

Themodel checking problem for LTLis to verify that for an LTL formulaf , for all pathsπi ∈ M such that
πi(0) ∈ I , (M, πi) |= f .

1.4.2 Path Loops

We say the a pathπ is a k-loop if for all i ≥ 0, the (k + i)th state inπ is identical to thel + ith state for some
l, 0 ≤ l < k. If a path is known to be a loop, it is possible to verify the correctness of infinite time specifications
such asalways(G) by checking just the firstk states in the path.

1.4.3 Boolean Satisfiability

Boolean satisfiability(SAT) is the problem of assigning Boolean values to variables in a propositional formula,
in such a way as to make the formula evaluate to true (tosatisfy the formula). For example, for the formula
(a∨ ¬b) ∧ (b∨ ¬c) ∧ (¬c∨ ¬a) can be satisfied bye.g.the assignmenta = 1, b = 1, c = 0.

SAT solvers derived from the Davis-Putnam algorithm [15] require input in clause form (CNF): a conjunction
of clauses, each of which is a disjunction of literals.

A number of high performance SAT solvers are available, making SAT a convenient ‘black box’ back end for
a number of different problems.

1.4.4 The Bounded Model Checking Encoding

The bounded model checking encoding representsk states along a bounded pathπbmc together with a conjunction
of constraints requiringπbmc to be avalid path in Mand be acounterexample of f. The ‘valid path’ constraint is
a propositional encoding of the transition relation. We cansee from the bounded semantics of LTL (Figure 1.1)
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(M, π) |=i
k a ⇔ a ∈ L(π(i)) for atomica

(M, π) |=i
k ¬ f1 ⇔ (M, π)|,i

k f1

(M, π) |=i
k f1 ∧ f2 ⇔ (M, π) |=i

k f1 and (M, π) |=i
k f2

(M, π) |=i
k f1 ∨ f2 ⇔ (M, π) |=i

k f1 or (M, π) |=i
k f2

(M, π) |=i
k X f1 ⇔















(M, π) |=i+1
k f1 if π is ak-loop

(M, π) |=i+1
k f1 ∧ i < k otherwise

(M, π) |=i
k F f1 ⇔















∃ j, i ≤ j.(M, π) |= j
k f1 if π is ak-loop

∃ j, i ≤ j ≤ k.(M, π) |= j
k f1 otherwise

(M, π) |=i
k G f1 ⇔















∀ j, i ≤ j.(M, π) |= j
k f1 if π is ak-loop

⊥ otherwise

(M, π) |=i
k [ f1 U f2] ⇔







































∃ j, i ≤ j.(M, π) |= j
k f2

∧∀n, i ≤ n < j.(M, π) |=n
k f1 if π is ak-loop

∃ j, i ≤ j ≤ k.(M, π) |=n
k f2

∧∀n, i ≤ n < j.(M, π) |=n
k f1 otherwise

(M, π) |=i
k [ f1 R f2] ⇔







































∃ j, i ≤ j.(M, π) |= j
k f1

∧∀n, i ≤ n ≤ j.(M, π) |= j
k f2 if π is ak-loop

∃ j, i ≤ j ≤ k.(M, π) |= j
k f1

∧∀n, i ≤ n ≤ j.(M, π) |= j
k f2 otherwise

Figure 1.1: The Bounded Semantics of LTL
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Table 1.1: The BMC Encoding for LTL
f [[ f ]] i

k l [[ f ]] i
k

G f1 ⊥
∧k

j=min(i,l) l [[ f1]] j
k

F f1
∨k

j=i [[ f1]] j
k

∨k
j=min(i,l) l [[ f1]] j

k

X f1 i < k∧ [[ f1]] i+1
k

(

i < k∧ l [[ f1]] i+1
k

)

∨
(

i = k∧ l [[ f1]] l
k

)

f1 U f2
∨k

j=i([[ f2]] j
k ∧
∧ j−1

n=i [[ f1]]n
k)
∨k

j=i(l [[ f2]] j
k ∧
∧ j−1

n=i l [[ f1]]n
k)

∨
∨i−1

j=l (l [[ f2]] j
k ∧
∧k

n=i l [[ f1]]n
k ∧
∧ j−1

n=l l [[ f1]]n
k)

f1 R f2
∨k

j=i([[ f1]] j
k ∧
∧ j

n=i [[ f2]]n
k)

∧k
j=min(i,l) l [[ f2]] j

k ∨
∨k

j=i(l [[ f1]] j
k ∧
∧ j

n=i l [[ f2]]n
k)

∨
∨i−1

j=l (l [[ f1]] j
k ∧
∧k

n=i l [[ f2]]n
k ∧
∧ j

n=l l [[ f2]]n
k)

that there are two ways of violating each operator in the specification, depending on whetherπbmc is ak-loop; the
‘counterexample’ constraint is therefore a disjunction ofthe ways in which the specification may be violated.

We write the bounded model checking encoding of a problem with boundk, modelM and specificationf as

[[ M,¬ f ]] k

Given the functionslLk(π) which holds whenπ is ak-loop withπ(k) = π(l) and Ll(π) =
∨k

l=0 lLk which holds
whenπ is anyk-loop, the general translation is defined as2:

[[ M, f ]] k := [[ M]] k ∧

















(

¬Lk(π) ∧ [[ f ]]0
k

)

∨

k
∨

l=0

(

lLk(π) ∧ l [[ f ]]0
k

)

















(1.1)

where [[M]] k denotes the encoding of the transition relation ofM as a constraint onπ with boundk; [[ f ]] k
i andl [[ f ]] k

i
denote the encoding of the LTL formulaf evaluated along pathπ at time i, whereπ is a non-looping path and a
k-loop tol respectively. These encodings are given in Table 1.1. Biereet al. show the correctness of some of these
encodings in [6]; we will not repeat their proofs here.

Theorem 1 in Biere et al. [6] states that bounded model checking of this form is complete provided that the
boundk is sufficiently large.

1.4.5 Reduced Boolean Circuits

Since BMC is built around propositional formulæ, an efficient data structure is required to store and manipulate
them. The implementation of BMC in NuSMV is based around Reduced Boolean Circuits (RBCs) [1].

A Boolean Circuitis a representation of propositional formulæ as a DAG. A Reduced Boolean Circuit uses
a normal form to maximise subformula sharing. The vertices of an BC consist of the internal nodesVI and the
leavesVL . The following properties hold:

• Eachv ∈ VI consists of an operatorop(v) ∈ {∧,↔} and a left and right edge (left(v), right(v) ∈ E).

• Eachv ∈ VL contains a variablevar(v).

• Eache ∈ E has a signsign(e) and a target vertextarget(e) ∈ V.

Negation is encoded into the edges by thesignattribute. An edge in the BC represents a subformula; it is simple
to extract a formula from a BC by reading it as a parse tree.

An RBC has the following additional properties which serve to reduce the number of representations possible
for equivalent formulæ:

2This comes from Definition 15 in [6]
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• All common subformulæ are shared.

• The constant> only occurs in single-vertex RBCs.

• For all vertices,left(v) , right(v).

• If op(v) =↔ thenleft(v) andright(v) are unsigned.

• There is a total order@ on BCs such that for all verticesleft(v) @ right(v).

1.4.6 The Separated Normal Form

Gabbay’s Separation Theorem [23] states that arbitrary temporal formulæ may be written in the formG
(∧

i(Pi ⇒ Fi)
)

wherePi are (strict) past time formulæ andFi are (non-strict) future time formulæ.
Fisher [20] defines a normal form for temporal logic based on the Separation Theorem and gave a series of

transformations for reaching it. The general form of SNF is the same as the separation theorem; the implications
Pi ⇒ Fi are referred to asrules. Since neither LTL nor CTL have explicit past-time operators, Bolotov and
Fisher [8] define thestart operator which holds only at the beginning of time.

(M, π) |=i
k start ⇔ π(i) ∈ I

The possible rules are thus

start ⇒
∨

j

l j An initial rule
∧

i

l i ⇒ X
∨

j

l j A globalX-rule

∧

i

l i ⇒ F
∨

j

l j A globalF-rule

wherel i andl j are literals.
The transformation functionsT(Ψ) recursively convert a set of rules which do not conform to the normal

form into a set of rules which do. To convert any temporal logic formula f to SNF, it is sufficient to apply the
transformation rules to the singleton set{start ⇒ f }. For brevity, we do not list the full set of transformations
here; in general they are trivially adapted from those in [8], or from standard propositional logic.

TG({P⇒ G f } ∪ Ψ) =

{

P⇒ f ∧ x
x⇒ X ( f ∧ x)

}

∪ TG(Ψ)

TU({P⇒ f U g} ∪ Ψ) =



















P⇒ g∨ ( f ∧ x)
x⇒ X (g∨ ( f ∧ x))

P⇒ F g



















∪ TU(Ψ)

Tren1({P⇒ G f (F g)} ∪ Ψ) =

{

P⇒ G f (x)
x⇒ F g

}

∪ Tren1(Ψ)

In each of the above transformations, a new variablex is introduced: the conversion to SNF introduces one
variable for each removed operator (in the first two transformations above) in addition to the renaming variables
used to flatten the structure of the formula (in the last transformation above).

The transformations to rules are based on the fixpoint characterisations of the LTL operators. All LTL operators
can be represented as the fixpoint of a recursive function [18]; the transformations encode the corresponding
function as a rule which is required to hold in all states. Only those operators characterised by greatest fixpoints
are converted (always(G) and weak until(W); until (U) is first converted toweak untiland sometimefor its
transformation) which means that thesometimeoperator remains unchanged.
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By Tarski’s fixpoint theorem [48] we know that a finite number of iterations of a rule is sufficient to find its
fixpoint. Thus the instance of the introduced variable at time i holds iff the original operator held at timei. For a
formal proof of the correctness of the transformations, see[21].
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Chapter 2

Progress

Progress towards the thesis hypothesis has so far concentrated on the encoding of the temporal logic part of the
model checking problem. We initially considered optimisations available to special cases of the specification
(specifically, single operator specifications), analysingthe number of clauses expected from the encoding and
exploiting subformula renaming to improve the encoding.

By converting the specification to a normal form such as SNF, we are able to apply renaming more generally,
directly to the temporal logic expression. In addition, theconversion to SNF reduces the variety of possible
temporal logic expressions, meaning that the encoding to propositional logic can be more focused. We have
modified SNF to apply transformations to more temporal operators, and proven the correctness of these new
transformations.

Our implementation of the SNF encoding, written as an modification of a publicly available model checker,
has been used to demonstrate the advantage of the SNF-based encodings.

2.1 Improving Specification Encoding

We look at how bounded model checking can be improved by focussing on the encoding of the specification,
rather than that of the model.

2.1.1 Special Case Encodings

The first attempt that we made at improving the encoding of thespecification was to consider particular ways
of renaming subformulæ. The work is based on that of Nonnengart et al. [35] on choosing renamings based on
computing the number of clauses expected from a naı̈ve clause form conversion of a formula1. We computed the
expected number of clauses produced by the bounded model checking encoding as a function ofk and used the
resulting formula to motivate particular renamings.

While this approach can give good results, it is labour-intensive and is subsumed by by more intelligent CNF
conversion such as that considered in Section 2.2.1.

2.1.2 Temporal Logic Normal Forms

We demonstrate that an encoding based on the conversion of the temporal logic specification to SNF can overcome
the limitations of the recursive nature of the encoding. We also give a simplification of SNF which exploits the
greatest fixpoint characterisations in addition to the least fixpoint characterisations, and which reduces rules to
relating successive pairs of states, but depends explicitly on the bounded nature of BMC.

1The clause form generated by the recursive application of the substitutiona∨ (b∧ c) −→ (a∨ b) ∧ (a∨ c).
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SNF for BMC

Each rule resulting from the standard SNF transformation isencoded at each state that we wish to consider for
bounded model checking. In the non-loop case, this means that the SNF formula is satisfiable only if enough
states are considered for the fixpoint characterisations toreach stability; similarly in the loop case, the formula is
satisfiable only if the stability is reached within the loop.The result is that the simple encoding below is satisfiable
iff a witness exists before the bound.

For a set of rulesΨ, the encoding up to stepk is performed by first taking the⇒ operator to be implication and
converting the rules to NNF. The specification is then encoded as (non-loop case to the left, loop case to the right):

∧

i=0..k

∧

ψ∈Ψ

−~ψ�
k
i ∨

∨

l=0..k

∧

i=0..k

∧

ψ∈Ψ

l~ψ�
k
i

where the encoding operator~. . .� is defined as below. Writinga for atomic propositions,f andg for arbitrary
PLTL formulæ, andl ∈ N ∪ {−} denoting the loop-back point (forl ∈ N) or the absence of a loop (forl = −),

l~a�
i
k =̇ a(i)

l~¬a�ik =̇ ¬a(i)

l~ f ∨ g�ik =̇ l~ f �ik ∨ l~g�
i
k

l~ f ∧ g�ik =̇ l~ f �ik ∧ l~g�
i
k

l~start�ik =̇















> if i = 0

⊥ otherwise

l~X f �ik =̇



























l~ f �i+1
k if i < k

l~ f �lk if i = k andl ∈ N

⊥ otherwise

l~F f �ik =̇















∨k
j=min(i,l) l~ f � j

k if l ∈ N
∨k

j=i l~ f � j
k otherwise

Since nesting of temporal operators is dealt with during thetransformation to SNF, the encoding above does
not suffer from the recursive nature of the encoding in [6]; a temporal operator cannot appear in the argument of
another temporal operator, so the result of the encoding is much close to propositional clause form.

The Fixpoint Form

Since SNF converts only the greatest fixpoint operators, it leaves rules containing theF operator unchanged;
unfortunately these rules are the pathological case for this encoding. SinceF is kept to preserve the semantics of
the other least fixpoint operators after their removal, its transformation must preserve this least fixpoint behaviour.
This is achieved for bounded model checking by restricting the evaluation of the resulting rules to the represented
states, by introducing an operator which holds only in the final represented state:bound.

TF({P⇒ F f } ∪ Ψ) =̇



















P⇒ f ∨ x
x⇒ X ( f ∨ x)

bound⇒ f ∨ ¬x



















∪ Ψ

The correctness of this transformation for bounded model checking is shown in [22].
The encoding for the Fixpoint Form is the same as for SNF, withthe additional encoding forbound below.

The encoding forF is no longer needed, as all occurrences are replaced using the transformation above.
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Table 2.1: Timing results in zChaff for the MSI cache coherence protocol
Processors Specification Bound NuSMV SNF Fixpoint

2 Request A 10 4.40 1.73 1.53
2 Request A 20 19.40 5.82 9.97
2 Request B 10 2.65 3.63 2.69
2 Request B 20 49.78 8.63 16.42
3 Request A 10 13.00 3.03 2.50
3 Request A 20 39.22 8.2 5.79
3 Request B 10 4.60 6.66 5.93
3 Request B 20 54.94 62.11 40.25
3 Request C 10 4.58 6.64 5.91
3 Request C 20 44.8 50.27 37.65

l~bound�ik =̇















> if i = k

⊥ otherwise

Texas-97 Benchmarks

We examine a number of model checking benchmarks from theTexas-97benchmark suite [4]. These benchmarks
have been converted from the Blif-mv representation to SMV format by a locally modified version of the VIS
model checker [39]. We run these benchmarks at fixed bounds and report the time spent by zChaff.

MSI Cache Coherence Protocol

This is an implementation of a Modified Shared Invalid cache coherence protocol between two or three processors.
We examine two of the specifications of behaviour from the benchmark. The results are summarised in Table 2.1.

• Whenever processor A requests the bus, it gets the bus in the next clock cycle. Listed as “Request A” in the
results.G(busreqA→ X busackA)

• Whenever processor B (or C) requests the bus, it gets the bus only when Processor A did not request the
bus. Listed as “Request B” or “Request C” in the results.G(busreqB→ F busackB)

Instruction Fetch Control Module

This is a model of the instruction fetch control module of theexperimental microprocessor developed at
Stanford University. Three models are examined; from the text accompanying the benchmark set:

• IFetchControl1: The original instruction module with several assumptions on the environmental signal.

• IFetchControl2: As IFetchControl1 except that the memory stall signal is always low.

• IFetchControl3.v: As IFetchControl1 except that the instruction cache line is assumed to be always valid.

We examine three specifications from the benchmark. The results are summarised in Table 2.2.

• The delayed version of a signal should, in the next state, have the signal’s previous value. Listed as “Delay”
in the results.G(IStall s1→ X IStall s2)
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Table 2.2: Timing results in zChaff for the Instruction Fetch Control Module
Model Specification Bound NuSMV SNF Fixpoint

IFetchControl1 Delay 10 0.94 0.45 0.44
IFetchControl2 Delay 10 0.99 0.40 0.40
IFetchControl3 Delay 10 1.29 0.39 0.50
IFetchControl1 Refetch 10 3.69 0.91 0.82
IFetchControl2 Refetch 10 3.30 0.89 0.81
IFetchControl3 Refetch 10 3.74 1.49 1.88
IFetchControl1 WriteCache 10 3.58 1.68 2.47
IFetchControl2 WriteCache 10 2.67 1.65 1.78
IFetchControl3 WriteCache 10 2.78 2.24 1.40

• As above, for the Refetch state. Listed as “Refetch” in the results.

G((PresStates1= REFETCH)→ X((PrevStates2= REFETCH))

• WriteCaches2becomes one in some paths beforeWriteTags2becomes one. Listed as “WriteCache” in the
results.

¬[¬WriteTags2U (WriteCaches2∧ ¬WriteTags2)]

2.1.3 Past Time Logics

The past LTL construction in NuSMV [5] considers multiple unrollings of the loop to establish the past temporal
horizon. This means that the number of states over which the specification must be computed can by much
greater thank. We argued in [22] that the time taken to construct the BMC encoding of an LTL formula grows
polynomially with the number of states considered, and thatthe order of the polynomial corresponds to the number
of nested temporal operators. The potential advantage gained by using SNF is greatly increased by the large
number of states that are considered in past LTL problems.

The extension of the SNF encoding to past is relatively simple as SNF was originally defined over a past-time
logic. We add transformations to handle nestings of future and past operators, separating past onto the left hand
side of rules, and future onto the right. As the past is considered finite, least fixpoint operators do not present a
problem. The result of the encoding includes only stepwise past operators (Z andY) which are readily converted
to X. This means that the encoding given above can be used directly.

In order to stress the ability of the two methods to process past operators and to find short counterexamples,
we conceived the Counter(N) problem set: a counter starts at 0, progresses up toN, and then loops back atN/2.
We evaluate properties of the formP(i), of the form

¬F(O((c = N/2)∧O((c = N/2+ 1) . . . ∧O(c = N/2+ i) . . .)))

The value ofi is a measure of the nesting of past operators, while the structure of the property requires that the
loop (of lengthN/2) must be traversed backwards several times in order to reach a counterexample.

The results are reported in Table 2.1.32. The direct encoding suffers from the nesting of the property, which
influences the past temporal horizon and therefore requiresa larger number of virtual unrolls. Most of the time
is in fact spent in the generation of the encodings. On the contrary, the encodings are generated efficiently by the
SNF-based method, and the time required by the SAT solver is also very limited. SNF-based encodings seem to
yield a significant speed up, even if longer paths need to be explored in order to find a counterexample. Notice
however that in this problem set the component related to themodel is not very significant. Although the ability

2Run times on a Pentium 3, 700MHz, with 512Mb RAM.
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Table 2.3: The results for Counter(N). T.O. indicates a runtime exceeding 3600 secs.
Counter(16) Counter(32) Counter(64)

N BMC SNF BMC SNF BMC SNF
P(0) 0.17 8 0.08 8 1.85 16 0.31 16 43.27 32 2.22 32
P(1) 16.35 17 0.35 17 1040.08 33 2.44 33 T.O. 34 26.91 65
P(2) 324.58 17 1.25 26 T.O. 22 10.76 50 141.12 98
P(3) T.O. 13 3.48 35 33.94 67 550.41 131
P(4) 8.32 44 91.08 84 1688.11 164

to construct counterexamples with virtual unroll of the past might be a win, there is clearly a tradeoff between
the time that is saved in searching shortened counterexamples compared to the time that is invested in generating
more complex encodings.

2.2 General Encoding Improvements

We have considered two particular methods of improving the performance of BMC without a deep analysis of the
encoding, but rather by aiming to generate better input for the SAT solve and by reducing the number of times the
SAT solver is called.

2.2.1 Clause Form Conversion

One major difference in the implementation of NuSMV as compared to the old BMC program is the use of Reduced
Boolean Circuits [1] to store the Boolean formula as it is being constructed. The CNF conversion used in NuSMV
is very simple and does not take into account certain detailsof the structure preserving CNF conversion [38] such
as the dependency of the conversion on the polarity of the subformula and not renaming disjunctive subformulæ.
A formulaa∧ b is converted to the clauses{¬x, a}, {¬x, b}, {x,¬a,¬b}.

As an example, consider a specification of the formX (a0∧X (a1∧ . . .Xan)). The SNF conversion produces a
large number of implications of the formx0(i)→ a(i+1)∧ x1(i+1) as a result of renaming the nestedX operators.
These implications are represented in the RBC as the formula¬(¬x0(i)∧¬(a(i +1)∧ x1(i +1))), which is encoded
as the clauses

{¬x2, a(i + 1)} {¬x3,¬x0(i)}

{¬x2, x1(i + 1)} {¬x3,¬x1}

{x2,¬a(i + 1), x1(i + 1)} {x3, x0(i), x1}

{¬x3}

where a more direct conversion would have yielded two clauses and no extra variables:

{¬x0(i), a(i + 1)} {¬x0(i), x1(i + 1)}

We will represent transformations on graphs as a rewriting of a graph together with a list of saved clauses:

a ◦ b −→ (c), ({d, e, f }, {g, h, i})

denotes the replacement of the subgraph representinga ◦ b with c, and producing the clauses{d, e, f } and{g, h, i}.
Transformations are applied in depth-first order, startingat the leaves of the graph.

In the following discussion, sets of clauses are denoted by capital letters and may be combined with set oper-
ations; the cross product of two sets of clausesA× B denotes the clause set obtained by applying the conventional
clause form conversion (recursive applications of the transformationa ∨ (b ∧ c) −→ (a ∨ b) ∧ (a ∨ c)) to the
disjunction of the CNF expressions forA andB.
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|A| |B| |A× B| v(A× B) |x∨ y∧ (x⇒ A) ∧ (x⇒ B)| v(x∨ y∧ (x⇒ A) ∧ (y⇒ B))
1 1 1 0 3 2
1 n > 1 n 0 2+n 2
2 2 4 0 5 2
2 3 6 0 6 2
3 3 9 0 8 2

Table 2.4: CNF conversions for disjunctions.|X| = number of clauses inX; v = number of auxiliary variables.

The NuSMV RBC CNF Conversion

The original clause form conversion used in NuSMV is based onthe structure-preserving clause form conver-
sion [38]. The restrictions of RBCs mean that it is not immediately apparent whether a subgraph has positive or
negative polarity; NuSMV overcomes this by renaming all subgraphs in both positive and negative versions:

a∧ b −→ (xab), ({¬xab, a, b}, {xab,¬a}, {xab,¬b})

a↔ b −→ (xab), ({¬xab, a, b}, {¬xab,¬a,¬b}, {xab, a,¬b}, {xab, a,¬b})

Every subformula is renamed, which avoids the exponential size explosion that occurs with the conventional
CNF conversion, and it allows the output formula to mimic thestructure sharing of the RBC: where a subgraph
has more than one incoming edge, the subgraph is encoded onlyonce.

Large chains of disjunctions are common in formulæ generated by BMC. These are particularly inefficiently
encoded as each disjunction is represented by a negated conjunction; for a disjunction ofn+1 variables, 2n clauses
are generated withn+ 1 introduced variables.

The Compact RBC CNF Conversion

We overcome the lack of polarity information by performing an initial depth-first traversal of the graph and mark-
ing each node in the graph with the number of incoming vertices with positive and negative polarity (for↔, the
polarity is “both”; we increase the counts of both the positive and negative references of the children). This infor-
mation is then used for renaming: if there are two or more references of the same polarity, then the subformula
represented by the vertex is renamed.

The conversion is biased towards generating long clauses. SAT solvers using conflict learning [30] must be
able to efficiently handle the large numbers of very long clauses that this technique generates using lazy data
structures [29]. This technique also reduces the disadvantage of repeating subclauses where the introduction of
extra variables can be avoided (auxiliary variables deepenthe search space although we are guaranteed to be able
to eliminate them with unit propagation). This results in a number of decisions in the handling of negative polarity
conjunctions.

Given a disjunction of two subformulæa and b, we apply the clause form conversion to the subformulæ
giving clause setsA andB. The size of the conversion ofa ∨ b depends on the technique; Table 2.4 compares
the conventional CNF conversion with the structure preserving conversion. The middle pair of columns show the
conventional clause form conversion, and the right pair show the structure preserving clause form conversion. We
take|A| = 2, |B| = 3 as the cut-off point for choosing the conversion method3.

In practice, we take a hybrid option (not shown in the table) of renaming only one child of the disjunction; this
avoids introducing one extra variable and an extra clause.

3In fact, we encode|A| = 2, |B| = 3 using the conventional method to reduce the number of auxiliary variables; compare with the method
in [35] which renames subformulæ even if it results in the same number of clauses being produced.
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Transformations

The transformations replace a subtree with a pair of clause setsX = 〈X+,X−〉, for positive and negative polarity; a
negation swaps the elements. If no references are made for a particular polarity, the conversion is not made (this
condition is omitted from the rules below, for brevity); if there is more than one incoming edge for a particular
polarity, a renaming is done. Thus we have several sets of transformation rules, including:

• If no renaming is to be done (that is, the reference counts are≤ 1 and the number of clauses representing
the children is small)

A∧ B −→
〈

A+ ∪ B+,A− × B−
〉

, ∅

a↔ b −→
〈

(A+ × B+) ∪ (A− × B−), (A+ × B+) ∪ (A− × B−)
〉

, ∅

• If reference counts are> 1

A∧ B −→ 〈{{¬x}}, {{x}}〉 , ({{¬x}} × (A+ ∪ B+)) ∪ ({{x}} × A− × B−)

a↔ b −→ 〈〉 , ({{¬x}} × ((A+ × B+) ∪ (A− × B−)) ∪ ({{x}} × (A+ × B+) ∪ (A− × B−))

• If the number of clauses representing the children is greater than the cutoff point

A∧ B −→
〈

A+ ∪ B+,A− × {{x}}
〉

, {{¬x}} × B−

a↔ b −→
〈

(A+ × {{x}}) ∪ (A− × {{¬x}}), (A+ × {{x}}) ∪ (A− × {{¬x}})
〉

,

({{¬x}} × B+) ∪ ({{x}} × B−)

In summary, we choose between the conventional clause form conversion and the structure preserving conver-
sion in such a way as to minimise both the clause count and the auxiliary variable count.

2.2.2 Dynamic Step Size Adjustment in Iterative Deepening Search

The correctness of BMC relies on finding a large enoughk to ensure comleteness of the translation; unfortunately
the time taken grows exponentially withk. A typical solution is to repeatedly try to solve the problemwith
increasingk: in effect, an instance of IDS.

If an iterative procedure such as IDS has the property that solutions at a given iteration are also found at later
iterations, it is possible to skip iterations without loss of correctness. We examine the conditions required for
skipping to be worthwhile give an algorithm for dynamicallyadapting the skipping to the behaviour of the search
procedure.

We consider the problemf with solutionπ, writtenπ |= f . If a solution is found during IDS at depthi, we write
π |=i f . We writeT( f , i) for the time taken for theith iteration. We make the following simplifying assumptions:

• If f has a solution, this solution may be found by iterative deepening search to some depthk: π |= f →
∃k · π |=k f

• If f has a solution at depthi then it is solvable at all greater depths:π |=i f → ∀ j ≥ i, π |= j f

• T( f , i) is monotonically increasing withi: ∀ j ≥ i,T( f , j) ≥ T( f , i)
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To decide on the size of a step to be taken, we consider the circumstances under which a particular step size
will save time overall. Suppose we are currently at depthi during the IDS. It is preferable to solveπ |=i+∆ f next
rather than the sequence∀ j=i..nπ |= j f iff i +∆ > n andT( f , i +∆) <

∑n
j=i+1 T( f , j). We choosei +∆ using a simple

heuristic: the first solution off is equally likely to lie at any depthk, 0 ≤ k < ∞, so we taken = i + d∆2 e. While
other heuristics are possible, this was found to give sufficiently good performance in testing.

We approximateT( f , i) as an exponentialbai , which is appropriate for many possible applications including
bounded model checking. We determine thea andb using standard statistical methods on the past behaviour ofthe
search, and hence choose a maximum∆ which satisfies the conditions above. We propose the following algorithm
for IDS with dynamic step size adjustment.

• Initialise: a, b← ∞, current depthi ← 0, list of past behaviourB← []

• Until a solution is found, loop:

– Solveπ |=i f , recording the time taken int

– Append the pair〈i, t〉 to B

– Use best-fit onB to determinea andb

– Chose∆ such thatbai+∆ <
∑i+d ∆2 e

j=i+1 baj

– i ← i + ∆

Our preliminary experimental evaluation demonstrates theefficacy of this method on bounded model checking
problems; however, other iterative-deepening-style problems must be tried in order to determine the generality of
the heuristic chosen.
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Chapter 3

Plans

3.1 SNF in Context

The SNF encoding can be related to the two other main approaches to LTL model checking: the standard BMC
encoding and the automata-theoretic conversion of [24] andits many refinements.

3.1.1 SNF as a renaming strategy

The BMC encoding and the SNF encoding must be equisatisfiable. In fact, it is clear by inspection that one may
be obtained from the other by renaming. For example, the BMC encoding ofG x is

∧

i=0..k xi , and by successive
renaming we can obtainx0 ∧ y0 ∧ (y0 ⇒

∧

i=1..k xi), thenx0 ∧ y0 ∧ (y0 ⇒ x1 ∧ y1) ∧ (y1 ⇒
∧

i=2..k xi), and so
on. Indeed, this is very similar to a repeated deconstruction of G x asx ∧ X G x which can leads to the fixpoint
characterisation.

In order to more fully understand the SNF encoding, we must consider its relationship to the BMC encoding.
In particular, if the SNF encoding is obtained more quickly and easily than the equivalent renaming of the BMC
encoding, it goes some way to justifying the use of SNF.

3.1.2 SNF as automata

Traditional methods for model checking LTL are based on a conversion from the temporal logic to a Büchi au-
tomaton [12, 24]. While these techniques are directly applicable to BMC [45], they have not been widely studied.
We note that the fixpoint form (Section 2.1.2) is very close toan automaton representation, and in fact we can give
a conversion to automata for it. This similarity demands a justification of the use of SNF. An important point to
consider here is the closeness of SNF to CNF, and whether it ispossible to efficiently convert a Büchi automaton
to CNF.

Later work on automata representations of LTL [19, 44] has included preprocessing of the LTL formula to
reduce the number and depth of temporal operators; and postprocessing of the automata to reduce the number of
transitions and states. The preprocessing should be directly applicable both to SNF and to BMC encodings; while
the postprocessing may prove to be adaptable to SNF. In particular, work by Schneider on reducing the number
of fairness conditions [41] has strong parallels with work in SNF by Degtyarev et al. on reducing the number of
eventualities [16].
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3.2 Further work on SNF

The conversion to SNF inevitably introduces a large number of extra variables. Almost as a corollary to Sec-
tion 3.1.1, we can consider how these variables may be eliminated when they are not needed, in some circum-
stances resulting in the original BMC encoding. The items below have been implemented, but results from the
preliminary evaluation is not promising. Also, the properties which make the transformations possible occur only
if past time operators are not considered, though there may be ways of lifting this limitation that we have not yet
investigated. This may not be suitable for inclusion in the thesis.

Rule Dependency

Each ruler has exactly one left hand side variablev(r), and a setS(r) of right hand side variables. We say that a
rule r0 is dependent on ruler1 iff v(r0) ∈ S(r1). We can simplify the encoding by following the dependency graph
when encoding to decide which rules to encode in which states. For example, given rules

start ⇒ f ∧ x

x⇒ g

start ⇒ g∧ y

y⇒ X (g∧ y)

The conventional encoding would encode the second and fourth rules in all states, and the first and third in
the first state only. However, we are only interested in the second rule in the first state, since it depends only on
the first rule. By following the dependency graph, we encode the second rule only once, but still make the chain
described by the fourth rule.

Implementing this scheme is more difficult than the simple encoding method, but NuSMV includes an effi-
cient DAG implementation which we may be able to use here. This would have the side effect of automatically
eliminating duplicated rules.

Rule Chaining

Where a given variable occurs as the left hand side of exactlyone rule and in the right hand set of exactly one rule,
we may chain the rules together, eliminating variables. Referring to the example rule set above, we see thatx is
referred to only by the first rule, making it possible to combine the rules to form the

start ⇒ f ∧ g

By exploiting the dependency graph here, we can make the chaining state-dependent. Both the third and
fourth rules refer to variabley, but the sets of states in which they do so are disjoint. This means that the rules are
combined to form

start ⇒ g∧ X(g∧ X . . .)

The overall effect here is to eliminate any unnecessary introduced variables. The only introduced variables
which remain are those necessary to sharing subformulæ. It remains to be seen whether this conversion will
remove the advantage of SNF: it has been suggested that the increased performance is due, in part, to the breaking
up of the specification into constraints covering pairs of states, mirroring the nature of the encoding of the model.
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3.3 General Encoding Improvements

3.3.1 Problem Invariants

In most real problems, much of the state space is unreachablefrom the initial state. A number of methods are
available for the removal of some of the unreachable states from SAT encodings of planning [28] which may be
adaptable to model checking. A formula describing all of theunreachable states could be unwieldy; constructing
an approximation to this formula can make it sufficiently small and simple to incorporate into the encoding while
retaining enough expressive power to be useful. Selman and Kautz give a method of constructing a Horn clause
approximation to a formula [42] and Williams and Nyack studya planner which uses a related “compilation”
scheme to generate an invariant [49]. Rintanen [40] gives aniterative algorithm which incorporates a weakening
operation at each iteration to increase the generality of the formula.

For model checking, the established method of producing an expression characterising the reachable states
is to use standard BDD techniques to find a fixpoint of the transition relation, starting from the initial state.
The resulting BDD can be converted to an RBC for inclusion in the BMC formula. Incorporating a weakening
operation into the reachable states construction in the style of [40] or [42] should be particularly beneficial from
the BDD point of view: a weaker formula represents more states with less specificity, and hence has fewer nodes.

While work in this area could be promising, it seems unlikelythat the time remaining is sufficient to do the
topic justice. This will almost certainly not appear in the thesis.

3.4 Integer Encodings

Present implementations of BMC use binary encodings of integers for arithmetic: NuSMV is constructed around
a BDD conversion of any arithmetic. There is, however, evidence from the constrain-programming-as-SAT com-
munity that binary encodings are inefficient for SAT solvers to deal with and that unary encodings are superior,
despite the exponentially higer number of variables involved.

Cumulative unary is a varient of the one bit per value encoding of integers. Consider a set of variablesx1, x2, . . .
representing integern. The cumulative integer interpretation of a variablexi is n > i. That is, to represent an integer
n, we requirex1∧ x2∧ . . . xn∧¬xn+1∧¬xn+2∧ . . .. The main advantage of this encoding over standard unary is that
inequality can be established with a linear, rather than quadratic, number of clauses. In addition, the constraint
required to establish the cumulative unary property (conjunction of xi ⇒ xi−1) are much simpler than those to
establish non-cumulative unary (at-most-one and at-least-one constraints).

Cumulative unary is used by Bailleux and Boufkhad [?] to encode cardinality constraints using a tree of
summations of increasing length. They are able to show that their encoding of summation can be solved using
unit propagation under certain circumstances (sufficient constraints on the input and output variables to establish
a unique result). We generalise their construction here andextend it to other arithmetic operations with a view to
using the encoding during bounded model checking.

3.5 Evaluation

Finding good problem sets to evaluate the encodings has consistently been a challenge. TheTexas-97benchmark
suite [4] referred to above includes a variety of interesting problems that we have not yet studied, as does the new
VIS test suite [25].

LTL to automata conversions are typically evaluated with a large number of randomly generated formulæ
together with a number of hand-picked examples. Whie this method could be used to help evaluate the performance
of the LTL encodings discussed, it does not give any indication of the sensitivity of the process to the complexity
of the model.
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3.6 Outline

Introduction Introduce the topic of the thesis, brief overview and motivation

Literature review

Background theory Introduce the basis for the work to follow

• Temporal logics: LTL and CTL

• Model checking, symbolic model checking

• Bounded model checking

• SAT

• Internals of NuSMV: since NuSMV will be used for all of the evaluation, the methods used to encode
the model must be examined.

General Encodings This comes first, as the evaluation of SNF in NuSMV depends on the CNF conversion to be
meaningful. In several chapters:

CNF conversion Discussion of tradeoffs and different behaviours in the SAT solver; performance evalua-
tion.

Integer encodings Binary versus unary; consideration of CSP-as-SAT literature; performance evaluations.

Skipping during IDS

Encoding the SpecificationThis also breaks down into several chapters:

Overview of SNF Full discussion of transformations.

SNF for BMC How the encoding works, and how SNF for bounded LTL differs from straight SNF

Fixpoint Form

Evaluation A detailed comparison between SNF, fixpoint, and the traditional encoding: from the point
of view of the SAT solver, considering unit propagation times, and from the point of view of a wide
variety of benchmark problems.

SNF and Automata Relating SNF to automata-theoretic LTL systems; performance comparison in BMC
with automata based encodings.

SNF and CNF Putting SNF in the context of clause form; relating the encoding to renaming of the original
encoding; consideration of the unit-propogation behaviour of SNF.

Conclusions

3.7 Proposed Timetable

We aim to submit at the end of the calendar year. In order to achieve this, writing the thesis and investigation
of some of the above topics will happen simultaneously. The timetable below includes particular milestones, but
throughout the remaining time, work will continue on the benchmark suite which will be used for evaluation at
various different stages.

August Start to outline thesis; construct introduction, literature review, background theory sections. Evaluate
automata-based encodings, and write section.

September Investigate SNF as a renaming strategy. Write up SNF encodings.
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October Evaluate rule dependency and rule chaining. Complete specifications section

November Complete general encodings section

December Proof reading and submission of thesis
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[27] Toni Jussila and Ilkka Niemelä. Parallel program verification using BMC. InProceedings of Model Checking
and Artificial Intelligence, July 2002.

[28] Henry A. Kautz and Bart Selman. The role of domain-specific knowledge in the planning as satisfiability
framework. InArtificial Intelligence Planning Systems, pages 181–189, 1998.

[29] I. Lynce and J. Marques-Silva. Efficient data structures for fast sat solvers. Technical report, Instituto de
Engenharia de Sistemas e Computadores, November 2001.

[30] João P. Marques Silva and Karem A. Sakallah. Conflict analysis in search algorithms for satisfiability. In
Proceedings of the IEEE International Conference on Tools with Artificial Intelligence, November 1996.

[31] A. J. Martin. The design of a self-timed circuit for distributed mutual exclusion. In Henry Fuchs, editor,
Proceedings of the 1985 Chapel Hill Conference on VLSI, pages 245–260. Computer Science Press, 1985.

[32] K. L. McMillan. Symbolic Model Checking: An Approach to the State ExplosionProblem. PhD thesis,
Carnegie Mellon University, 1992.

[33] Ken L McMillan. Applying SAT methods in unbounded symbolic model checking. In E Brinksma and
K Guldstrand Larsen, editors,Computer Aided Verification; 14th International Conference, CAV 2002, vol-
ume 2404, pages 250–264, Copenhagen, Denmark, July 2002.

[34] M. Moskewicz, C. Madigan, Y. Zhao, L. Zhang, and S. Malik. Chaff: Engineering an efficient SAT solver.
In 39th Design Automation Conference, Las Vegas, June 2001.

[35] Andreas Nonnengart, Georg Rock, and Christoph Weidenbach. On generating small clause normal forms. In
Claude Kirchner and Hélène Kirchner, editors,Fifteenth International Conference on Automated Deduction,
volume 1421 ofLecture Notes in Artificial Intelligence, pages 397–411. Springer-Verlag, 1998.
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