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The Optimality of a Fast CNF Conversion and its Use with SAT
An O(n) CNF conversion that produces the optimal number of clauses

Daniel Sheridan
d.j.sheridan@sms.ed.ac.uk

Abstract: Despite the widespread use and study of Boolean satisfiability for a diverse range of problem domains, encoding of problems is usually given
to general propositional logic with little or no discussion of the conversion to clause form that will be necessary. We present a fast and easy to implement
conversion to equisatisfiable clause form for Boolean circuits, a popular representation of propositional logic formulae, which is equivalent to that of Boy de
la Tour and is hence optimal in the number of clauses produced

Reduced Boolean Circuits
[Abdulla, Bjesse, and Eén (2000)]
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The Standard CNF Conversion
Writing a × b for disjunction of clause sets: {x ∪ y | x ∈ a, y ∈ b}
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Renaming CNF Conversions
Reduce the impact of applying × by identifying new variables with subgraphs
Vertices in R+ are renamed positively; vertices in R− are renamed negatively
C(A) is equisatifiable with CR(A) ∪
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(Similarly for negative polarity)

Structure preserving CNF conversion
[Plaisted and Greenbaum (1986)]
R+ = set of all positive or zero polarity vertices
R− = set of all negative or zero polarity vertices

The “Compact” Conversion
Intuition: simply do the best you can at each node
Result: an optimal algorithm in O(n) [Sheridan (2004)]
Writing Cc(A) for the conversion so far:

∧+A

B C

∧−A

B C

↔A

B C
Never rename Rename if |Cc(→B)| + |Cc(→C)| Convert to conjunctions

> |Cc(→B)||Cc(→C)| (see left)
A < R+ ∪ R− A ∈ R−

Optimal handling of sharing
. . . except one case — a possible extra renaming which doesn’t increase the
number of clauses

A A A
Use criteria above Rename if |Cc(→A)| > 1 Rename if |Cc(dA)| > 1

A ∈ R+ A ∈ R−

Experimental Results
Name SAT Definitional SP Compact

Clauses Time Clauses Time Clauses Time
DME (Priority 1, SNF) Y 18 961 0.05 7 257 0.01 6 005 0.01

DME (Priority 1) Y 22 043 0.05 8 189 0.01 6 630 0.01
DME (Priority) Y 234 515 4.03 79 507 5.56 52 313 0.77

DME (Priority, SNF) Y 75 121 2.63 28 785 1.32 23 789 0.47
DME (Access) N 70 808 16.34 25 149 5.11 21 268 1.72

DME (Access, SNF) N 58 884 14.14 22 484 2.63 18 640 1.13
MSI (Request A) N 1 423 852 53.97 487 910 13.43 438 045 11.25

MSI (Request A, SNF) N 1 422 861 80.28 487 915 20.49 438 066 13.64
MSI (Request B) Y 1 423 187 174.2 488 011 40.23 438 169 49.80

MSI (Request B, SNF) Y 1 424 359 174.7 488 288 29.37 438 423 23.11
Elevator 3 Y 230 104 1424.8 84 441 129.8 83 035 262.9
Mmgt 3 Y 44 556 28.2 16 770 794.4 16 116 376.9
Mmgt 4 Y 70 735 878.3 26 655 483.1 25 652 734.1

• Fewer clauses every time!

•Often faster to solve. . . sometimes not. Variable ordering?

•O(n) time, where best known previously was O(n2) [Boy de la Tour (1992)]
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